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ABSTRACT 
This presentation consists of the application of empirical 
equations for the calculation of the water influx into a radial 
oil reservoir in which the history of the rate and cumulative 
water influx are equated to the pressure decrements and time· 
This new analysis, based on William Hurst's solution for the 
steady-state water influx, yields an accurate method for dete~­
mining water influx through the application of simple linear 
empirical equations. These linear approximations reproduce the 
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INTRODUCTION 
Oil production by water drive takes place when water 
encroaches into the reservoir by either natural or artificial 
means. In a natural drive, and that which will be considered 
here, the oil reservoir is bounded completely or partially by 
an active water-bearing aquifer. Such aquifers as the Woodbine 
of the East Texas Oil Field, the St. Peter, Mt. Simon and 
Galesville formations of northern Illinois and the Marshall 
sandstone of Michigan typify the active, large aquifer presently 
known to be in contact with hydrocarbon deposits. The aquifer may 
be large enough, compared to the oil reservoir, to be considered 
infinite for all practical purposes. An infinite system is one 
whose radius of "influence," while increasing with time and 
fluid influx (or withdrawal), does not exceed the exterior 
boundary or radius of the aquifer itself. The aquifer and the 
oil reservoir together may be enclosed by some impermeable 
boundary so that they form a volumetric unit. Or again, the 
aquifer might outcrop at or near the suface to be replenished 
by surface waters. The finite reservoir, although not of primary 
significance to this analysis, will be set forth as one in which 
pressure influences are encountered at the exterior radius of the 
aquifer itself. 
At the onset of production, the aquifer will react to offset 
any pressure drop by (a) an expansion of water; (b) an expansion 
1 
2 
of other fluid accumulations in the aquifer rock; (c) possible 
compressibility of the aquifer rock; (d) and/or artesian flow, 
where the aquifer rises to a level above the reservoir. The 
specific reaction of the aquifer to this pressure decline will 
be predominately dependent upon the permeability of the system, 
the compressibility of the mobile fluids, the magnitude of 
gravity effects, overburden pressure and hydrostatic pressure. 
The ultimate recovery from the hydrocarbon portion of the 
system is greatly dependent upon the pressure behavior of the 
oil reservoir responding to the pressure changes in the aquifer, 
as is the aquifer responsive to pressure and volumetric withdrawals 
from the oil section. 
The pressure depletion within the oil section is, for 
almost all analyses, an unsteady-state phenomena although at 
later periods of the producing life a steady-state relationship 
of flow and pressure may tend to be established. In the aquifer-
oil system, this unsteady-state relationship takes on greater 
significance due to the low compressibility of the brine-saturated 
waters and the fact that the net transfer of water into and out 
of the water-bearing element is not equal. 
The continuity equation describes the mass conservation 
principle applicable to this analysis. Two solutions of this 
equation are of specific interest to the forgoing. One, the 
solution proposed by Hurst(l) in 1943, indicated that a solution 
to the equation could be effected in a step-wise manner assuming 
a constant pressure drop at the boundary of the aquifer-reservoir 
contact. The second solution was proposed by van Everdingen and 
Hurst( 2 ) and applied Laplace transforms to a diffusivity equation 
modified to dimensionless terms. 
The results of both of these solutions indicate that the 
final water influx parameters of the final solution (i.e., Q{t) 
for van Everdingen Hurst and G(a 2T/R2 ) for the Hurst) when 
plotted against time was of a configuration which could possibly 
be simplified or accurately approximated. 
The purpose of this study was: 
a) to develop an accurate linear approximation to 
the solution of the diffusivity equation employing 
both techniques previously discussed and, 
b) to check the applicability of these approximations 
to actual conditions against the applicability of 
each of the two solutions previously proposed and 
to check their validity as regards the boundary 




One type of flow system, and that which will be considered 
here, is that of radial flow toward the well bore or field. The 
volume of fluid which flows per unit time through each unit 
area of formation is expressed by Darcy's Law as 
v = - ( 1) 
A material balance of the fluid influx and efflux from an 
element of the reservoir yields the equation of continuity for 
a radial system, namely, 
K a(pr ap jar) 
J..l ar ¢ r ao/OT (2) 
For liquids which are slightly compressibile, 
p ~ p {1 - c ( p - p) ) • 
0 0 
( 3) 
Substitution of Equation (3) in Equation (2) yields the 
classical diffusivity equation for radial configurations. 
a2P + .!. ~ = _21 ~ 
or2 r or o: 01· 
(4) 
* The symbols used throughout are in compliance with the standard usage 
within the industry. Explanations are given in the nomamclature. 
or, in vector notation, 
where: k/,6 CJl-w 
The solution of Equation (4) that can be applied to the 
reservoir which also satisfies the boundary conditions of the 
reservoir is a generalized solution of the water influx for 
the assumptions and boundary conditions set forth in a radial 
system .. 
HURSI' METHOD: 
Although Hurst(l) has derived a procedure for the calculation 
of water influx for the radial, linear, and spherical cases, only 
the radial flow system will be considered. That is, the oil 
field is concentric with the adjacent water formation, and must 
be of such extent as to be considered infinite. Furthermore, 
the aquifer is considered to be initially saturated with water 
at the same pressure as the original reservoir pressure, but 
for increasing time, pressure gradients are assumed established 
from the edge of the oil reservoir back into the aquifer which 
approach the original pressure at some point distant to the 
field. These pressure gradients, in turn, are subject to vari-
ations in the field pressure, and this effect is introduced 
5 
(5) 
into the mathematics by superimposing a sequence of constant 
terminal pressure solutions; viz, the pressure at the terminal 
boundary is lowered by unity at time zero, kept constant there-
after, and the cumulative amount of fluid flowing across the 
boundary is computed as a function of time. Fiqure (1) is an 
illustration of this step-wise pressure drop. 
If a point in the pressure variation history is isolated 
for the instant of zero time, when the pressure suddenly changes 
from P0 to P1 , it is assumed that the pressure will remain at 
P1 for the entire duration of flow. Thus, if the constant 
terminal pressure solution is known as F(r,T), the value for 
the pressure at a distance r from the center of the field in time 
t is expressed by 
~(r,T) (6) 
Since the pressure does not remain constant over this 
entire period, but follows a step-wise procedure as shown in 
Figure (1), the end effect is the summation of all the individual 
















































































































































where, F(r,T) is a constant terminal pressure solution of 
Equation (4) referred to a zero time T 
, n• 
For substitution of Equation (7) into Darcy's Law, the 
differentiation of F(r,T) is defined as, 
2 
w ere, 1s ar 1 rar1 y a en as e firs -order differ-
( 8) 
h G ,(a:R'·~) ' b't '1 t k th t 
ential of G(~2) with respect to the argument (~~). This 
function and its first-order differential have been determined. 
It can be shown that from Equation (8) and Darcy's Law, 
a sequence of fluid-rate influx terms for the constant terminal 





By the integration of Equation (9), we obtain a sequence 
of cumulative water influx terms which occur in the order of 
the pressure changes in the reservoir in accordance with the 







z 2nKH v ~ 
IJ.w 




+ (P -P ) 
2 3 ~ G'(a2 (Ti-T2 )/R2} dT 
2 
+ ••• + (Pn-1-Pn) TJ G'{a2 (Ti-Tn-l)/R2j dT J 
n-1 
Therefore, by the relationship 
T 
f G' ~~ 2TjR2 ) dT 
0 
Equation (10) becomes 
z 
It has been tacitly implied in Equations (10) and (12) 
that the variations of pressure with time can be approximated 
as a linear function for each increment imposed. 
However, by defining the integration of G(afT/R2 ) as 
G(a2TjR2 ) it is possible to obtain the final working equation 




Equation (13), and which is the fl'nal t' equa 1on presented by 
Hurst and that which was used for the d 
Approximate procedure. 
+ (P 1-P ) n- n 
evelopment of the 
10 
(13) 
Figure (2), yields the water influx volume generalized solutions 
applicable to each pressure decrement imposed over sequential 
time differences of 
VAN EVERDINGEN AND HURST METHOD: 
The previous method for the solution of the diffusivity 
equation has been through the development of one of a Fourier-
Bessel series. Van Everdingen - Hurst( 2 ) presented a second 
approach to the solution of the same equation for water influx 
volumes through the application of Laplace transformations 




























and boundary conditions. This approach arrives at a similar 
solution for the cumulative water influx for infinite systems, 
as determined by Hurst, but was also extended to limited reservoir 
systems. 
Without discussing the details of the mathematical arguments, 
van Everdingen - Hurst presented the following equation: 
i+l 
z 27tcw1ffi2~ev -6 (6.P)i+l Q(ti+l 
and i i+l, 
t.) 
J 
which expresses the cumulative water influx as a function of 
( 14) 
dimensionless time for Q(t) representing the total fluid influx 
attributed to the pressure decrement ~P) i+l" 
It might be advantageous at this time to point out similar 
relationships between the two methods discussed. The cumulative 
water influx term presented by Hurst (Eq. 13) is proportional to 
that of van Everdingen -Hurst's (Eq. 14) through a recognition 
of the following equality: 
t 
= 6 Q(t) dt (15) 
Although van Everdingen -Hurst complete their calculation of 
water influx through Equation (14), Hurst finalizes his 
equation by completing the integration and summing the water 
influx volumes accrued during the specific pressure drop 
increments as indicated in Equation (13). 
13 
DISCUSSION 
- 2 2 2 2 Upon examination of G(O: T/R ) as a function of (0: T/R ) , 
(Fig. 2), an apparent linear relationship is indicated over 
specifically defined regions. This linear relationship has 
been determined by the use of a Least Squares approximation 
procedure upon the solutions presented through both of the 
techniques of Reference (1) and (2), (viz, solutions of 
Equations (13) and (14) ). 
Initially the approximation was performed over three 
regions, but after some rectification two distinct regions 
were defined; namely, 
Region I : 1 < o:2 (T.-T )/R2 < 23.5 
~ n 




In real time, Region I represents any period from 5 days to 4 
months, while Region II represents any time from 4 months to 
37 years using as a typical value for o: 2/R2 , 0.2. 
The resulting equations from this approximation are 
G(o:2T/R2 ) 
2 2 1.67557 
Region I: 0.98987 (0: T/R ) (17) 
and, 
G(o:2T/R2 ) 
2 2 1.80560 
Region II: 0.61906 (0: T/R ) . (18) 
14 
This linear rectification of data resulted in absolute 
average deviations of G(a2T/R2 ) from its value as determined by 
direct solution for each region of: 
Region I: Deviation 0.993% for n 32 
and, 
Region II: Deviation 1. 595'7o for n = 58 
where: absolute average deviation [t I(D:v>il J x 100. 
and n equals the number of solution points to Equation (13) 
applied to develop Equations (17) and (18). 
An analysis of the individual deviations over both regions 
is presented in Figure (3 )_. It should be noted that, for the 
most part, the points fall within± 2%, with the largest deviations 
occurring at 30 < (a2T/R2 ) < 60. This area of large deviation 
15 
occurs as the result of the existance of a third region of linearity 
which differs from that of Regions I and II in the rate of change 
- 2 2 2 2 
of G(a T/R ) with (a T/R ). This third region was resolved into 
the lower portion of Region II by adjustments of the coefficients 
without serious addition to the deviations of that region as 
evidenced by the resulting 1. 595'7o average deviation for the full 
range of Region II. 




influx is expressed as 
f. 2}~ B 
An \a2(Ti -Tn-1 )/R J - An{a2(T i -Tn )/R2} n 
z = 
aaTn-Tn-l )/R2 
where An and Bn refer to the coefficient and exponent that apply 
over the regions specified by Equation (16). It is readily 
apparent that the only requirements for the step-wise solution for 
radial water encroachment are a knowledge of the time differential, 
(Ti - Tn), and the pressure decrement over (Tn - Tn_1 ), since 
An and Bn are known constants. 
From the general Approximate expression for•cumulative water 
influx, Equation (19), a particular solution can be set forth which 
is applicable to an analysis based on monthly time intervals and 
pressure decrements. This is accomplished by the substitution of 
the average number of days per month, 30.5, for the value of 
incremental time (Tn- Tn_1 ). This factor, and the coefficient 
of the approximation, An• are brought outside the summation to 
facilitate usage of the linear equation. This particular form 
of the general linear solution is designated as 
z = 2nKHR4An i V 
1J. a 4 (30.5) 
w 





It should be noted at this point that this substitution does 
not hinder the accuracy of the approximation in any way, viz, the 
same 1.6% maximum average deviation is obtained. This particular 
mathematical manipulation has not been found to be limited to 
monthly studies alone, however, as, long as the total time period, 
Ti, is of sufficient magnitude to allow a substitution of this 
sort~ There should be no restriction as to what incremental time 
value can be allowed so long this substituted constant is accurately 
indicative over the range of (Tn- Tn_1 ). For the accuracy 
desired in studies of this type, it must be remembered that the 
incremental time (Tn- Tn_1 ), must be small in comparison with 
the total time period T i. That is, (Tn - Tn-1) <<< T i • 
The accuracy of this approximation, since it eliminates 
the use of work plots and the inherent errors of assuming 
relationships over large separations of tabulated values, will 
be shown by example problems. 
The solution presented by van Everdinen - Hurst was also 
found to exhibit an apparent linearity for Q(t) as a function 
of (t). A Least Squares approximation was also performed on 
the solutions resulting from this approach to Equation (4), 
which yielded the following results: 
0.68774 
Q(t) = 1.52236 (t} 
for: 1 < t < 23.5 ( 2 0) 
and, 
0.82173 Q(t) = 0.99804 (t) 
for: 23.5 < t < 27000 • 
The integration of the above equations should yield the 
equality as stated by Equation ( 15) • That is, 
t 
OJ Q(t) dt = 0.90202 (t) 
1.68774 
for Region I .,2-nd, 
t 1.82173 JQ(t) dt = 0.54785 (t) 
0 
for Region II. 
It is noted that this equality is not identical to the 
approximation for G(a2TfR2) in the form cited abover but, by 
imposing the exponent values, En, of Equations (17) and (18) 
upon the van Everdingen - Hurst approximation, the following 
equations result; 
t 1.67557 
OJ Q(t) dt = 0.92635 (t) 
for Region I .,2-nd, 
t 1.80560 JQ(t) dt = 0.60309 (t) 
0 
for Region II. 
The coefficients of Equation (24) and (25) very nearly 
approach those of the approximation. This indicates that the 








should exhibit the same results upon application. 
The results of these approximations are shown by a plot 
of G(a 2T/R2 ), the approximation of G(0: 2T/R2 ), and the approximation 
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The close similarity between G(a2T/R2 ) and the approximation 
- 2 2 
of G(a T/R ) is an indication of the accuracy which was obtained 
for the approximation made on water influx analyses. 
Two and three year studies of a typical water drive reservoir 
22 
were performed by three methods, i.e., the Hurst, the van Everdingen-
Hurst, and the Approximate procedure. (See footnote) 
Listed in Tables (1) and (2} are the tabulated values for 
the calculation of water influx for a typical aquifer-reservoir 
system. The Approximate method reproduces the van Everdingen -
Hurst values to a higher degree of accuracy than does the Hurst 
method. For a two year study, the Approximation's deviation 
is only one per cent while that of Hurst's work plot method 
Yields an error approaching four per cent. Similarly, for 
the three year study, the error accured by the Approximate 
procedure is less than one-tenth of one per cent while that 
of the work plot yields three per cent average deviation. 
NOTE: The van Everdingen -Hurst procedure is herein considered 
the more accurate of the two exact solutions if only by the fact 
that the calculational procedure is performed with tabulated 
values of Q(T) and (t) rather than a work plot, which is very 
difficult to accurately read to more than two places, as used 
by Hurst. For this reason, all comparisons have been made to 
the van Everdingen - Hurst analysis. 
The question arises as to how can an approximation be more 
accurate than the original solution ? Basically, the original 
method of application proposed in the G(a 2T/R2) versus (a 2TjR2 ) 
solutions. proposed results which were graphically presented, 
i.e., G(a2T/R2 ) plotted logarithmetically versus its argument. 
This term is difficult to obtain accurately from such a log-log 
plot, especially at large values of (a2T/R2 ~ with the desired 
accuracy. Therefore, the Approximation has offered an alternate 
23 
solution which, due to its method of presentation and application 
in a simple logarithmic mode, inherently makes available a more 
_ 2 I z, 
accurate value of G(a T R • 
comparing individual values of 
This is also in evidence when 
its equivalent as found using the Approximate procedure and 
6P Q(t) as determined by the van Everdingen - Hurst analysis. 
(Refer to Tables (1) and (2) ). 




t{;6P L !:{;~ 
6.P Tn G r:i (I -I ) /R2 G a2 (I 1 ·I ) /R 2 Q(t) 6P Q(t) n-1 n n- n 
58 0 58173 10584 60000 14931 181.208 10510 
85 30 53920 14746 54000 14118 174.889 
14866 
85 61 49742 15078 50000 17647 168.324 
14308 
35 92 45470 5471 45000 4661 
161.716 5660 
75 121 41948 11762 42000 12457 
155.497 11662 
88 152 38171 12996 38000 13215 
148.806 13095 
12 182 34729 10419 34500 
7474 142.284 10245 
138 213 31244 18989 32000 
20724 135.494 18698 
182 243 ·28007 2~~80 28500 26450 
128.875 23455 
200 274 24930 24631 25000 
20761 121.977 24395 
160 305 21964 18529 22500 
20595 114.766 18363 
775 335 19265 8231 19500 
7786 108.214 8116 
30 366 16622 :noo 17000 
3218 101.114 3033 
10 396 14214 94946 
14500 1038 94.167 942 
5 427 11936 436 
12000 415 86.902 435 
3 458 9837 242 
10000 290 79.531 239 
25 486 8885 -1819 
7900 -1557 72.767 -1819 
-13 517 6333 -840 
6400 -725 65.138 -847 
-8 547 4827 -455 
4900 -498 57.592 -461 
-32 578 3458 -1546 
3400 -1510 49.584 -1587 
-35 608 2332 -1385 
2300 -1381 41.580 -1455 
-31 639 1379 -929 
1350 - 914 32.959 -1022 
-31 670 657 - 616 
640 - 579 23.837 - 739 
-35 700 194 -282 





WATER ENCROACHMENT AFTER 3 YEARS 
Approximate Hurst Van Everdingen~urst 
IX;~ IX;~ 
AP Tn G ci(T cT )/R2 G r}(T 1-T )/R2 
Q(t) t::. p Q(t) 
n- n n- n 
58 0 121336 15716 122000 9954 255.765 
14834 
85 30 115021 20975 118000 28235 249.772 
21231 
85 61 109078 21191 110000 17647 
243.556 20702 
35 92 103074 17791 105000 9321 
237.318 8306 
75 121 98059 18122 99000 12457 
231.460 17360 
88 152 92240 19165 95000 26430 
225.174 19815 
72 182 87164 15917 88000 20927 
219.065 15773 
138 213 81840 29327 81000 17763 
212.727 29356 
182 243 76887 37891 78000 45342 
206.566 37595 
200 274 71873 39587 72000 
49826 199.956 39991 
160 305 67106 30597 66000 
27460 193.742 30999 
75 335 62649 14344 62000 
15571 187.492 14062 
30 366 58043 5480 57000 
3862 180.998 5430 
10 396 53786 1726 54000 
1661 174.678 1747 
5 427 49630 842 50000 
1038 168.112 841 
3 458 45575 500 45000 
414 161.503 486 
-25 486 41948 - 3921 42000 
- 4152 155.497 - 3887 
-13 517 38171 - 1920 38000 
- 1952 148.806 - 1935 
- 8 547 34729 - 1158 
34500 - 8:n 142.284 - 1138 
-32 578 31244 - 4403 32000 
- 4806 135.495 - 4336 
-35 608 28036 - 4515 
28500 - 5087 128.875 - 4511 
-31 639 24930 - 3818 
25000 - 3218 121.977 - 3781 
-31 670 21964 - 3590 
22500 - 3990 114.766 - 3558 
-35 700 19265 - 3841 
19500 - 3633 108.214 
- 3788 
0 731 16622 0 
17000 0 101.114 
0 
7 761 14214 662 
14500 727 94.167 
659 
5 792 11936 436 
12000 415 86.902 
435 
5 823 9837 403 
10000 483 79.531 
398 
80 851 8085 5820 
7900 4983 72.767 
5821 
69 882 6333 4459 
6400 3849 65.138 
4495 
121 912 4827 6878 
4900 7536 57.592 
6969 
20 943 3458 966 
3400 944 49.584 
992 
10 973 2332 397 
2300 394 41.580 
416 
0 1004 1379 0 
1350 0 32.959 
0 
5 1035 657 99 
640 93 23.837 
119 
194 16 205 







Hurst has presented a calculational procedure for the 
determination of water influx into an oil reservoir. The 
results of this procedure consisted of work plots, developed 
from a previous paper, for the radial flow case. Upon exam-
ination of the Hurst solutions, it was proposed that a more accurate 
- ?. 2 procedure for the presentation of G(a;T/R ) be developed by 
use of empirical equations of a linear mode. 
Substitution of a linear equation for variations of Gr(a2TjR 2 ) 
with (a2TjR 2 ) has been accomplished by the use of a -Least Squares 
approximation procedure. This approximation reproduces the 
rigorous solutions of Hurst and van Everdingen - Hurst to a maximum 







viscosity of water, centipoise 
reservoir thickness, feet 
porosity, fraction 
5 fraction of periphery of oil reservoir exposed to water influx 









radius of aquifer, feet 
compressibility of water, 1/psi 
velocity, em/sec 
initial reservoir pressure, psi 
pressure at any time, psi 
time, days 
total water influx at any time, barrels 
rate of water influx, barrels per day 
dimensionless time 
Q(t) generalized cumulative influx of fluid 
G' (a2T/R2 ) arbitrary function defined as first-order 
G (a 2T/R2) arbitrary function defined by Hurst(l) 
G (a.2T/R2) = integrated value of Gtt 2T/R2) 
coefficient of approximation 
exponent of approximation 
field units conversion constant 
differential of G(a2T/R2) 
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